Abstract-This letter presents a novel stochastic geometry approach to the connectivity of milimeter wave (mmWave) networks with multi-hop relaying. The random positions and shapes of obstacles in the radio environment are modeled as a Boolean model, whose germs are distributed according to a Poisson point process and grains are random rectangles. The derived analytical results shed light on how the connectivity of mmWave networks depends on key system parameters such as the density and size of obstacles as well as relaying route window-the range of distances in which routing relays are selected. We find that multi-hop relaying can greatly improve the connectivity versus single hop mmWave transmission. We show that to obtain near-optimal connectivity the relaying route window should be about the size of the obstacles.
I. INTRODUCTION
T HE electromagnetic spectrum from 30 to 300 GHz is known as the milimeter wave (mmWave) band. Traditionally, the mmWave band has been commonly used in radio astronomy, remote sensing and radar applications [1] . More recently, there has been a surge of interest in utilizing the large chunks of spectrum resources in the mmWave band for telecommunications, mainly because the current spectrum resources below mmWave frequencies are not sufficient to meet the exponentially growing demand for wireless traffic [2] .
Despite the great potential of mmWave band for telecommunications, making it work is challenging since mmWave propagation characteristics are quite different from those of the spectrum below 5 GHz [2] , [3] . In particular, mmWaves are susceptible to blockage as they have limited diffraction ability and cannot penetrate many solid materials. Therefore, the modeling and analysis of blockage are critical in mmWave system design. The work [4] proposes to use a random Boolean model [5] for the spatially distributed blocking obstacles, i.e., the positions of the obstacles are modeled by a Poisson point process (PPP) and the shapes of the obstacles are random rectangles. The analysis however is restricted to single-hop transmission.
Multi-hop relaying has the potential to extend mmWave coverage and network connectivity [2] , [6] . For example, suppose a source would like to communicate to a destination using mmWave transmission. The communication would be unsuccessful if the mmWave signal arriving at the destination is not strong enough due to the various blockages in the environment. Instead, relaying via e.g., device-to-device communication [7] may help the mmWave signal turn around obstacles and set up the connection provided there exists a feasible path [6] . The diffraction model proposed in [6] is based on ray tracing and is of high complexity when applied to the analysis and simulation of large mmWave networks.
In this letter, we take a stochastic geometry approach and model the obstacles by a Boolean model, as done in [4] . We present a novel analysis on the fundamental performance of the connectivity of mmWave networks with multi-hop relaying. The derived results show that multi-hop relaying can greatly improve the connectivity versus single hop mmWave transmission. To obtain near-optimal connectivity, we find that the range of distances in which routing relays are selected should be about the size of the obstacles.
II. MODELS AND ASSUMPTIONS
Consider an arbitrary source-destination pair whose source and destination are respectively located at x and y. The source x communicates with the destination y via directional mmWave signals. If the line-of-sight (LOS) path exists, we assume that using the LOS path can provide enough received signal-to-noise ratio and thus say that x and y are connected. We assume that the mmWave signals cannot penetrate obstacles. If the LOS path between x and y is blocked, the directional mmWave signals are routed by intermediate relays to turn around obstacles. We assume that the helping relays are selected from the pool of potential relays located in the rectangular strip R κ (x, y), which has width κ and is symmetric with respect to x → y. See Fig. 1 for an illustration. The physical meaning of κ is the range of area in which routing relays are selected. Intuitively, the larger the width κ, the higher the routing complexity. We term the width κ the relaying route window. Note that this letter does not consider the effect of non LOS mmWave paths, whose study is left to future work.
Note that even with routing using intermediate relays in R κ (x, y), it is still possible that no path exists which can route the directional mmWave signals from the source x to the destination y due to the blockage of obstacles, as in Fig. 1(b) . In this letter, we explore how the choice of relaying route window κ affects the connectivity of a typical source-destination pair. Intuitively, we can select a larger κ to make the blockage probability smaller because a larger κ results in a higher probability of finding a path from the source x to the destination y in the presence of obstacles.
We consider an extreme fluid model in which the density of potential relays in R κ (x, y) tends to infinity. Investigating this asymptotic scenario will reveal the fundamental limit on the connectivity. The route selection can be arbitrary. Further, we model the obstacles by a Boolean model [5] . In this model, the centroid points of the obstacles are randomly distributed 2162-2337 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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is positioned perpendicular to the LOS path x → y between the source x and the destination y. Generalizing the model to allow each rectangle to have a random direction is possible but at the cost of notational complexity. More formally, the Boolean obstacle model is driven by the following independently marked PPP: 
which is a random geometric object.
III. CONNECTIVITY ANALYSIS
We are interested in finding the probability that the source x and destination y are connected, i.e., there exists at least one path that may be used to route the directional mmWave signals from the source x to the destination y with the help of the potential relays located in R κ (x, y) if needed. This problem is demonstrated in Fig. 1 . We denote by E the connectivity event.
The exact analysis of the connection probability turns out quite challenging. As such, we derive an upper bound given in the following theorem.
Theorem 1: Assume w.l.o.g. x = (0, 0) and y = (d, 0). The probability of the connectivity event that there exists a path in R κ (x, y) that may be used to route the directional mmWave signals from the source x to the destination y is upper bounded as
where
Proof: We defer the proof to Section IV. In the Boolean obstacle model Ξ obstacles , different obstacles may intersect and jointly form a "giant" obstacle that blocks any path in R κ (x, y) connecting the source x to the destination y. This delicate correlation among obstacles in causing the blockage makes the analysis of the exact connection probability intractable. Instead, the upper bound P (ub) (E) in (3) is derived by only counting blockage events caused by a single obstacle. Neglecting the correlation leads to an overestimated connection probability. Clearly, P (ub) (E) is tight only if the correlation is small-which holds if the obstacles are sparsely distributed, and so most blockages are indeed caused by a single obstacle.
We note that as κ → 0, the upper bound becomes exact, i.e., lim κ→0 P(E) = lim κ→0 P (ub) (E). This is because "giant" obstacles do not lead to more blockage as κ → 0. Note that κ → 0 also implies that we do not rely on relaying but simply use the direct LOS path from the source x to the destination y. In other words, as κ → 0, the connection probability equals the probability of the existence of the LOS path from the source to the destination. We formalize this observation in the following Corollary 1, which shows that the LOS probability in the Boolean obstacle model exponentially decreases with the source-destination distance, the density of obstacles, and the mean length and width of the rectangular obstacles.
Corollary 1: The direct LOS path from the source x = (0, 0) to the destination y = (d, 0) exists with probability
Note that Corollary 1 matches the results in [4] . To gain further insight, let us assume that the rectangular obstacles do not have random widths and lengths. Then Theorem 1 reduces to the following Corollary 2.
Corollary 2: Assume that W ≡ w and L ≡ . The probability that the source x = (0, 0) and the destination y = (d, 0) are connected can be upper bounded by
Two remarks on Corollary 2 are in order.
Remark 1: When the width of a typical obstacle is greater than or equal to the source-destination distance, i.e. w ≥ d, the upper bound on the connection probability equals e −λ o (w+d) , which is independent of relaying route window κ. This is because when w ≥ d the blockage typically happens when either the source or the destination is located indoor. In this case, relaying is not very helpful in increasing the sourcedestination connectivity.
Remark 2:
When the width of a typical obstacle is smaller than the source-destination distance, i.e. w < d, relaying becomes more helpful in increasing the source-destination connectivity. In particular, with a fixed rectangular length , P (ub) (E) decreases when κ ∈ [0, ) and then stays constant when κ ∈ [ , ∞). This observation gives a useful design rule: Set the relaying route window κ equal to (in an order of magnitude sense) the obstacle length . Choosing a larger κ beyond the obstacle length may further increase the connection probability. But the gain is expected to be marginal because the connection probability is always upper bounded by e −λ o ·2w when κ ≥ .
The last remark gives a rule of thumb on selecting the relaying route window κ when the rectangular obstacles have a common fixed width and length. The following Corollary 3 generalizes the result to the more general case where the rectangular obstacles may have random sizes.
Corollary 3: The relaying route window κ = max maximizes the upper bound P (ub) (E) of connection probability, and the attained P (ub) (E) is given by
The connection probability characterized in Theorem 1 does not make any assumption on the locations of the source and destination relative to the Boolean obstacle model Ξ obstacles . Note that when x ∈ Ξ obstacles , the physical meaning is that x is an indoor transmitter; otherwise, x is an outdoor transmitter. So Theorem 1 characterizes the connectivity of a typical communication pair in which the source and destination can be either indoor or outdoor. For a typical cellular pair consisting of a base station (BS) and a mobile, the BS is usually located outdoor while the mobile can be either indoor or outdoor. Then conditioned on the source (resp. destination) being outdoor, what is the connection probability of the source-destination pair? Further, what is the connection probability if both the source and destination are outdoor? We answer these questions in Theorem 2.
Theorem 2: Conditioned on that x ∈ Ξ obstacles , i.e., x is outdoor, the probability that the source x = (0, 0) and the destination y = (d, 0) are connected can be upper bounded by
Conditioned on that {x, y} ∈ Ξ obstacles , i.e., both x and y are outdoor, the probability that the source x = (0, 0) and the destination y = (d, 0) are connected can be upper bounded by P (ub) (E|x and y are outdoor) = e
The proof of Theorem 2 is similar to that of Theorem 1 and thus is omitted for brevity. From Theorems 1 and 2, we can see that
≤ P (ub) (E|x and y are outdoor).
The above relations are intuitive because conditioning on the source, or the destination, or both being outdoors reduces the blockage probability and thus increases the connectivity. Before ending this section, we give a numerical example in Fig. 2 . In the simulation, there is one relay per square meter, though we assume that the relay density tends to infinity in the analysis. It can be seen that multi-hop relaying can greatly improve the connectivity of mmWave networks. Further, setting the relaying route window κ to just 20 m provides nearly optimal performance. Making κ much larger (i.e., 100 m) provides marginal gains. These observations confirm our insights from the analytical results. As the upper bound is loose in certain scenarios, it should be better treated as a rule of thumb rather than an exact design guideline. 
. . , n, be the length of the j-th
In other words, Φ o (w i , j ) collects the centroid points of the obstacles whose grains' widths and lengths are in
is an independent thinning of the PPP Φ o . The probability that a given point
is also a PPP with intensity
Next we approximate all the obstacles whose centroid points are in Φ o (w i , j ) by the same rectangle Ξ(w i , j ). This approximation becomes exact as δ = max(Δw i , i = 1, . . . , m, Δ j , j = 1,..., n) goes to zero (with increasing m and n). With this approximation, the intensity of Φ o (w i , j ) can be written as Denote by B i, j the event that the obstacles whose centroid points are located in Φ o (w i , j ) cause blockage (i.e., no path connecting the source x to the destination y can be found). It follows that
where the inequality is due to the fact that we ignore that obstacles whose centroid points belong to different Φ o (w i , j )'s may jointly cause blockage, and the last equality is due to the independence of
To calculate a lower bound on the blockage probability, we further consider the blockage eventB i, j caused by a single obstacle whose centroid is located in Φ o (w i , j ). Clearly, P(B i, j ) ≥ P(B i, j ) because obstacles whose centroid points belong to the same Φ o (w i , j ) may also jointly cause blockage. To calculate P(B i, j ), we consider the following four cases, which are illustrated in Fig. 3 .
Case 1) j < κ, w i < d. As j < κ, a single obstacle cannot "cut off" the rectangular strip R κ (x, y). The blockage happens when either the source x or the destination y located in the obstacle. The last event happens when there exists at least one obstacle whose centroid point is in the region of the two red rectangles shown in the upper-left plot of Fig. 3 . Denoting by A the area of the two red rectangles,
where in the second equality we have used the fact that the number of obstacles whose centroid points are located in A is Poisson distributed with mean 
Combining the above four cases yields
Finally, refining the partitions of [w min , w max ) and [ min , max ) such that δ=max (Δw i , i=1,..., m, Δ j , j=1,. .., n) goes to zero, and using the fact P(E) = 1−P(Blockage) completes the proof.
V. CONCLUSION
This letter has analyzed the connectivity of mmWave networks with multi-hop relaying. An interesting result is that relaying route window can be set to be about the size of the obstacles to obtain near-optimal connectivity. Note that with a large relaying route window, it is more likely that the mmWave signals take on a long route, leading to more total energy consumption. Future work could explore such a tradeoff between connectivity and energy consumption.
